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Abstract
We present a construction of the superspace of maximally supersymmetric adSp+2×S
d−p−2
near-horizon geometry based entirely on the supergravity constraints of which the bosonic
space is a solution. Besides the geometric superfields, i.e. the vielbeine and the spinconnec-
tion, we also derive the isometries of the superspace together with the compensating tangent
space transformations to all orders in θ.
† Based on a talk given at the Mid-term TMR meeting on Quantum Aspects of Gauge Theories, Super-
symmetry and Unification, Corfu, September 20–26, 1998, to appear in the proceedings.
1 Introduction and motivation
Brane solutions to supergravity theories have been considered [1] as interpolating solutions
between two maximally supersymmetric vacua, i.e. flat space related to the brane at infinity
and adSp+2 × S
d−p−2, together with non-trivial forms, which is the near-horizon geometry
of the brane solution. Both solutions can be understood as superspaces. The algebraic
fact that the (super)isometries of the adSp+2 × S
d−p−2 (super)space form an extended (su-
per)conformal group in p+ 1 dimensions is the basic argument in favor of the adS/(S)CFT
conjecture of Maldacena [2], which was originally proposed in connection to branes. The
conjecture relates superstring theory/supergravity on adSp+2×S
d−p−2 to a superconformal
field theory which lives on the p+1 dimensional boundary of the adS space. The most elab-
orated example is certainly Type IIB string theory on adS5 × S
5 related to 4-dimensional
N = 4 super Yang-Mills theory.
One way to realise the superconformal field theory in p + 1 dimensions is to consider
a super p-brane probe in the near-horizon adSp+2 × S
d−p−2 background. The actions of
such probes consist of a (modified) ‘Dirac’-type term (for D-p-branes this is the Born-Infeld
action) and a Wess-Zumino term, both defined in terms of the pull-backs to the world
volume of the geometric superfields of the background, i.e. the supervielbeine and super
p + 2-form. By construction these actions are invariant under the rigid superisometries
of the background and under local symmetries, i.e. diffeomorphisms of the world volume
and κ-symmetry. By fixing the local symmetries of super p-brane probe actions in their own
near-horizon backgrounds, the complete set of isometries of the background are realized non-
linearly on the world volume of the brane. The bosonic part, which leads to a conformal
field theory on the brane was carried out in [3].
To construct the superconformal theory on the brane, however, one needs to know the
complete supergeometry of the background. Therefore, we have to construct the geometric
superfields to all orders in anticommuting superspace coordinates θ, because these higher
order θ terms will constitute the interactions on the world volume, i.e. in the superconfor-
mal field theory. The general form of the super p-brane actions in terms of the geometric
superfields have been constructed but the proof of invariances of the action only made use of
the constraints that these superfields satisfy. Although the complete geometric superfields
were known for flat superspace they have only recently been constructed to all orders in θ
for the near-horizon superspace adSp+2 × S
d−p−2 [4, 5, 6]. These constructions were based
on a supercoset G/H construction where G is the relevant extended superconformal group
and the stability group H is the product group SO(p + 1, 1) × SO(d − p − 2). Also the
superisometries have been obtained in a closed form to all orders in θ in [7] and therefore in
principle we can obtain the full superconformal symmetry on the brane by gauge fixing the
local diffeomorphisms and κ-symmetry.
The complete geometric data of the background can also be constructed entirely in
supergravity superspace, for a certain class of backgrounds. This class is characterised by
the fact that all covariant geometric superfields become covariantly constant. Essentially
this restricts us to the above mentioned vacua, which have been shown to be exact in
the framework of supergravity [8]. As expected the supergravity superspace construction,
i.e. the solution of the supertorsion and curvature constraints to all orders in θ yields a
completely equivalent description of the supergeometry as the coset construction, which has
been shown in [9] for the 11-dimensional vacua. The translation between the two approaches
by interpreting the supergravity constraints as Maurer-Cartan equations for the supergroup
G in [7].
The supergravity superspace description of the background could be required in some
cases. E.g. the supercoset G/H construction of the adSp+2 × S
d−p−2 superspace yields the
metric as a product metric. Sometimes it could be nice to have the metric in Cartesian
coordinates, in which the metric is manifestly invariant with respect to the directions along
the brane and to those transverse to the brane. Especially the R-symmetry of the extended
superconformal group is manifest in these coordinates [3]. Interpreting the supergravity
1
constraints as Maurer Cartan equations in these coordinates yield a soft supergroup G with
structure functions, which are covariantly constant. Fortunately the construction in [7] does
not require the structure functions to be constant but only covariantly constant.
Here we will extend the developement in [9] and construct the geometric superfields
and the isometries only relying on supergravity constraints and not refering to any coset
construction.
2 Supergravity in Superspace
We will derive the superspace with coordinates1,
ZΛ = {xµ, θα˙} . (1)
Supergravity in superspace is described in terms of geometric superfields, i.e. the superviel-
beine and the spinconnection
EΛ¯ = dZΛEΛ
Λ¯(Z) , ΩΛ¯
Σ¯ = dZΛΩΛ;Λ¯
Σ¯ . (2)
We consider Lorentz superspaces where the spinconnection is determined entirely in terms
of Ωab [10].
From these geometric superfields we can derive the torsion and the curvature
T Λ¯ = dEΛ¯ − EΣ¯ΩΣ¯
Λ¯ , RΛ¯
Σ¯ = dΩΛ¯
Σ¯ − ΩΛ¯
Π¯ ΩΠ¯
Σ¯ . (3)
These covariant superfields satisfy the Bianchi-identities
DT Λ¯ = −EΣ¯RΣ¯
Λ¯ , DRΛ¯
Σ¯ = 0 . (4)
The local symmetries of the supergravity theory in superspace are given by
• Superdiffeomorphisms (with parameters ΞΛ)
δZΛ = −ΞΛ(Z) , δΦn = LΞΦn , (5)
where LΞ is the super Lie-derivative along the super vectorfield Ξ ≡ Ξ
Λ ∂
∂ΞΛ and Φn a
generic n-form.
• Tangent-space rotations (with parameter Lab)
δEa = EbLb
a(Z) , δEα = −(
1
4
Lab(Z)ΓabE)
α ,
δΩab = dLab − LacΩ
cb +ΩacL
cb . (6)
The geometric superfields and parameters are polynomials in θ with x-dependent coefficients.
To obtain the fieldcontent and symmetries of the supergravity theory, it is clear that not
all these fields can be independent. Therefore one imposes covariant constraints on the
supertorsion and curvature to reduce the fieldcontent, consistent with the Bianchi-identities
(4). For all relevant theories the constraints are known. The 11-dimensional constraints
e.g. have been derived in [10] and the 10-dimensional ones can be found in [11]. They yield
on-shell supergravity in both cases. Besides the vielbeine and spinconnection there are also
a number of forms present which we ignore for the moment.
1The indices are split into curved ones Λ = {µ, α˙}, with µ bosonic and α˙ fermionic. The flat indices are
denoted as Λ¯ = {a, α}.
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3 The supergeometry and isometries near the horizon
In this section we will solve the supergravity constraints and the super Killing equations to
all orders in θ. We will restrict to superspaces with vanishing gravitino. Then the constraints
read in general
T a = 12E
βEαTαβ
a ,
T α = EβEaTaβ
α ,
Rab = 12E
dEcRcd
ab + 12E
βEαRαβ
ab , (7)
where Rab
cd is the curvature of the bosonic space.
To obtain a complete superspace description we have to solve these equations. In general
this can be done order by order in θ, which seems very tedious. However we can apply the
following trick. Consider the transformation
ZΛ = {xµ, θα˙} → ZΛt = {x
µ, tθα˙} . (8)
We denote superfields as functions of rescaled θ’s with a subscript t. Taking the derivative
with respect to t of Et and Ωt leads to the coupled first-order equations in t,
∂tE
Λ¯
t = d(θ
αEt;α
Λ¯)− θα˙Et;α˙
∆¯EΣ¯t Tt;Σ¯∆¯
Λ¯ + EΣ¯t θ
α˙Ωt;α˙ Σ¯
Λ¯ − θα˙Et;α˙
Σ¯Ωt;Σ¯
Λ¯ ,
∂tΩ
ab
t = d(θ
α˙Ωt;α˙
ab)− θα˙Et;α˙
ΣEΛt Rt;Λ¯Σ¯
ab +Ωact θ
α˙Ωt;α˙ c
b − θα˙Ωtα˙
a
cΩ
cb
t . (9)
To solve these equations we make the assumptions (gauge choices)
θα˙Et;α˙
a = θα˙Ωt;α˙
ab = 0 , θα˙Et;α˙
α˙ = θα˙eα˙
α(x) ≡ Θα . (10)
We get using (7),
∂tE
α
t = (dΘ+
1
4Ωt · ΓΘ)
α −ΘβEaTaβ
α , ∂tE
a
t = Θ
βEαt Tαβ
a ,
∂tΩ
ab
t = Θ
βEαt Rαβ
ab . (11)
These equations can be solved order by order in t, by taking multiple derivatives w.r.t. t
and considering the initial conditions
Eα(t=0) = 0 , E
a
(t=0) = e
a(x) , Ωab(t=0) = ω
ab(x) , (12)
where ea and ωab are the vierbein and spinconnection of the bosonic background. The
explicit solution is writen in closed form as
Eαt =
(
sinh tM
M
DΘ
)α
, Eat = e
a −ΘαTαβ
a
(
sinh2 tM/2
M2
DΘ
)β
,
Ωabt = ω
ab −ΘαRαβ
ab
(
sinh2 tM/2
M2
DΘ
)β
, (13)
where
DΘα = (dΘ+ 14ω ·γΘ)
α−ΘβEaTaβ
α , (M2)αβ = −
1
4 (Γab)
α
βΘ
γΘRδβ
ab−Taγ
αΘγΘδTδβ
a .
(14)
One can easily checks that (10) is satisfied.
Having derived the geometric superfields EΛ¯ and Ωab, we are also interested in the
transformations which leave these fields invariant. A specific subset of the symmetries (5)–
(6) with rigid parameters will leave the above superfields invariant, this subset are the Killing
supervector ΞΛ and the compensating tangent-space rotation Lab. We first derive the higher
3
order θ terms. The super Killing equations are given by (vanishing transformations of the
solution)
0 = LΞE
Λ¯ + EΣ¯LΣ¯
Λ¯ = DΞ˜Λ¯ − Ξ˜∆¯EΣ¯TΣ¯∆¯
Λ¯ + EΣ¯L˜Σ¯
Λ¯ , (15)
0 = LΞΩ
ab + dLab − LacΩ
cb +ΩacL
cb = DL˜ab − Ξ˜Σ¯EΛ¯RΛ¯Σ¯
ab , (16)
where
L˜Σ¯
Λ¯ = ΞΛΩΛ;Σ¯
Λ¯ + LΣ¯
Λ¯ , Ξ˜Λ¯ = ΞΛEΛ
Λ¯ ,
DΞ˜Λ¯ = dΞ˜Λ¯ − Ξ˜Σ¯ΩΣ¯
Λ¯ , DL˜ab = dL˜ab − L˜acΩ
cb +ΩacL˜
cb . (17)
It turns out that we can solve the equations for Ξ˜Λ¯ and L˜ab to all orders in θ and therefore
we derive the Killing supervector ΞΛ and compensating transformation Lab. Now we again
rescale θ’s in the parameters and derive them with respect to t. Using the constraints (7),
the Killing equations (16) and also (10) we obtain again a coupled set of first order equations
in t,
∂tΞ˜
α
t = −Θ
βΞ˜at Taβ
α + 14 (L˜ · ΓΘ)
α , ∂tΞ˜
a
t = −Θ
βΞ˜αt Tαβ
a ,
∂L˜abt = −Θ
βΞ˜αRαβ
ab . (18)
This set of equations can be solved in terms of the initial conditions
Ξ˜a(t=0) = ξ˜
a = ξµeµ
a , Ξ˜α(t=0) = ǫ˜
α = ǫα˙K(x)α˙
α , L˜ab(t=0) = ℓ
ab + ξµωabµ , (19)
where ξµ, ǫ˜α and ℓab are the bosonic killing vector and spinor and the compensating tangent-
space rotation. They have been reviewed in various coordinates in [7]. The spinor ǫα˙ is a
constant spinor related to the Killing spinor by the x-dependent matrix K. The complete
solution to the super Killing equations can then be written again in closed form as
Ξ˜αt = (cosh tMǫ˜)
α +
(
sinhM
M
BΘ
)α
,
Ξ˜a = ξ˜a −ΘαT aαβ
(
sinhM
M
ǫ˜+ 2
sinh2M
M2
BΘ
)β
,
L˜ab = ℓ˜ab −ΘαRabαβ
(
sinhM
M
ǫ˜+ 2
sinh2M
M2
BΘ
)β
,
(BΘ)α = −Θβξ˜aT αaβ −
1
4 (ℓ˜ · ΓΘ)
α . (20)
This completes the derivation of the “covariant” Killing superfields to all orders in θ, which
are obtained at t = 1. In a special gauge, the Killing spinor gauge [5], one can easily ‘invert’
the covariant Killing superfields to the Killing supervector and compensating tangent space
parameter acting on the coordinates and supervielbeine. The Killing spinor gauge consists
of choosing the e(x)α˙
α in (10) to be K(x)α˙
α, defined in (19) by the Killing spinor of the
bosonic geometry, hence its name. In this gauge we have the following simplification
Eµ
a = eµ
a(x) , Eµ
α = 0 , Ωabµ = ω
ab
µ (x) , (21)
i.e. the bosonic background is not affected by higher order θ corrections. We derive the
following explicit expressions Ξα˙ and Ξµ, which give the variations of the superspace coor-
dinates
− δθα˙ = Ξα˙ =
[
K−1M cothM ǫ
]α˙
+ (K−1BΘ)α˙ ,
−δxµ = −Ξµ = ξµ −ΘαT aαβ
[(
tanhM/2
M
)
ǫ
]β
ea
µ (22)
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and also the compensating tangent space rotation can also be derived. To have a complete
description of the near-horizon superspace, we also have to define the non-trivial superforms
of the supergravity theory. The superforms F are given in supergravity see e.g. [10, 11] for
the 11-dimensional and 10-dimensional supergravity. They can be written in covariant form
i.e.
F = EΛn . . . EΛ1FΛ1...Λn . (23)
For the near-horizon solutions these covariant components FΛ1...Λn are covariantly constant
and do not get higher order θ corrections [8]. Therefore since we know the bosonic geometry
and forms and we have derived EΛ¯ to all orders in θ we know the complete superforms.
In principle these forms have to be guessed in the supercoset approach, but they are then
uniquely defined by the fact that they have to satisfy the appropriate Bianchi identity. This
concludes the derivation of the complete near-horizon superspace, forms and the superi-
sometries in supergravity. Although the supercoset methods used in [4]–[7] give a very nice
description, one can also use supergravity superspace only.
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